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Abstract. In this work we prove that the set of infinite points Soo := CImp™ (5) n Hao 
of a semialgebraic set 5* cz which is the image of a polynomial map / : R" R™ is 
connected. This result is no further true in general if / is a regular map, although it still 
works for a large family of regular maps that we call quasi-polynomial maps. 



1. Introduction 

A map / = (/i, . . . , fm) ■ is a polynomial map if each component e M[x] = 

]R[xi, . . . , x„]. A subset S of M™' is a polynomial image of M" if there exists a polynomial 
map / : such that S = /(M"). More generally, the map / is regular if each 

component fi is a regular function of M(x) = M(xi, . . . ,x„), that is, each /j = gi/hi is a 
quotient of polynomials such that the zero set of hi is empty. Analogously, a subset S of 
R"* is a regular image of M" if it is the image S = /(M") of by a regular map /. 

We denote by MF'" the proyective space with coordinates {xq : xi : ■ ■ ■ : Xm) which 
contains M"* as the set of points with xq = 1; of course, the hyperplane of infinity Hoo 
has equation xq = 0. Given a semialgebraic S a M™, the set of infinite points of S is 
5*00 := CliRpm(S') n Hqo. Our main result in this work is the following. 

Theorem 1.1. Let f : M" he a non-constant polynomial map and denote S : = 

). Then, Sco is non-empty and connected. 



The present work continues the general study of polynomial and regular images of 
Euclidean spaces already began in [FGH[Fn2] . A celebrated Theorem of Tarski-Seidenberg 
|BCR1 1.4] says that the image of any polynomial map (and more generally of a regular 
map) / : — > M"" is a semialgebraic subset S of M", that is, it can be written as a 
finite boolean combination of polynomial equations and inequalities, which we will call 
a semialgebraic description. By elimination of quantifiers, S is semialgebraic if it has 
a description by a first order formula possibly with quantifiers. Such a freedom gives 
easy semialgebraic descriptions for topological operations: interiors, closures, borders of 
semialgebraic sets are again semialgebraic. 

In an Oberwolfach week Gamboa proposed to characterize the semialgebraic sets 
of which are polynomial images of M" for some n ^ 1. In particular, the open ones 
deserve a special attention, in connection with the real Jacobian Conjecture [Jll [J2l IP] . 
The interest of polynomial (and also regular) images is far from discussion since there are 
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many problems in Real Algebraic Geometry that for such sets can be reduced to the case 
S = M". Examples of such problems are: 

• optimization of polynomial (and/or regular) functions on S, 

• characterization of the polynomial (or regular functions) which are positive semi- 
definite on S (Hubert's 17th problem and Positivestellensatz), 

• computation of trajectories inside S which are parametrizable by polynomial (or 
regular) maps. 

As we have already pointed out in [FG1| there are some straightforward properties 
that a regular image S cz much satisfy: S must be pure dimensional, connected, 
semialgebraic and its Zariski closure must be irreducible. In fact, it follows from |FG31 
3.1] that S must be irreducible in the sense proposed in [FG3] . 

It seems a very difficult matter to provide a full geometric characterization of all poly- 
nomial and/or regular images S cz M"^ and in fact we only know it if dim(5) = 1 (see 
[F] for full details). Even so, we have recently presented several works concerning the 
representation as either polynomial or regular images of ample families of n-dimensional 
semialgebraic sets (see [FGUH[FGU21|U2] ) whose boundaries are piecewise linear; we have 
been focused on: convex polyhedra, their interiors, their exteriors and the closure of their 
exteriors. In such articles the proofs are constructive and present two main difficulties: 

• To develop an strategy to produce a polynomial map or regular map whose image 
is the desired semialgebraic set. 

• To prove the surjectivity of the constructed map. 

Since we do not know a general theory to approach this problem, the "solutions" in each 
case have been developed ad hoc. 

Furthermore, in |FG2j we present certain general facts that must satisfy the exterior 
boundary 5S := Cl^m [S)\S of an n-dimensional semialgebraic set S cz R" which is a 
polynomial image of R". In fact, we asked in |FG2|, 7.3] about the number of connected 
components of the exterior of a polynomial image of dimension ^ 2; to be honest we must 
say that the first author was convinced that the answer was one. Of course, the first 
author were wrong and the second author showed in [Ul] that such number could be as 
large as we want. Nonetheless, our main result in this work (Theorem II. ip . conceptually 
is not so far from our starting wrong conjecture. 

To prove Theorem II. H we have been deeply inspired by the techniques developed by 
Jelonek in his works |JH IJ2j . where he studies the geometry of the set of points Sf at 
which an either complex or real polynomial map / : K" MJ^ is not proper (of course, 
K denotes either R or C). The kind of tools we use to prove Theorem 11.11 were already 
employed by Jelonek in |JH IJ2] and they are the following: 

• The resolution of the indeterminacy of rational maps from an either complex or 
real projective surface to a projective space; 

• Sufficient conditions to guarantee that the intersection of two connected complex 
projective curves of a complex projective surface with good properties is either 
empty or a singleton; and 

• A kind of "rational" curve selection lemma. 

For the sake of the reader, we include in Section [2] a careful discussion about how and 
why these techniques work. In Section [3] we prove Theorem II. Ij in fact the proof we 
provide works in the more general setting of quasi-polynomial maps, which are introduced 
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there. Finally, in Section 21 we see that Theorem 11.11 fails for general regular maps and 
we propose some challenging questions. 

The authors thanks Prof. Jesiis M. Ruiz for many helpful discussions and suggestions 
during the preparation of this article. 

2. Main tools and techniques 

In this section we present the main tools that we use in the forthcoming sections. We 
write K to refer indistinctly to M or C and we denote by Hco(IC) := {xq = 0} the hyperplane 
of infinity of the projective space KP™, which contains as the set ]KP'"\Hoc(IK) = {xq = 
1}. In case m = 1, we denote {pco} ■= {xq = 0} the point of infinity of the projective line 
KP^ and if m = 2, we write ^oo(IK) := {xq = 0} for the line of infinity of the projective 
plane KF"^. We will use freely the well-known fact that the real projective space MP*" can 
be immersed in R'^ for k large enough as an affine nonsingular real algebraic variety (see 
|BCR1 3.4.4]). Thus, in particular, the closure in MP™ of a semialgebraic subset of 
is again a semialgebraic set. Along this work, it will be frequent and fruitful to see real 
algebraic objects as the fixed parts under conjugation of complex algebraic objects which 
are invariant under conjugation. 

2. a. Invariant projective objects. For each n ^ 1 denote by 

a = an:Cr'^ CP", z = {zq : zi : ■ ■ ■ : z^) ^ z = {z^ : zT : ■ ■ ■ : z;;) 

the complex conjugation. Clearly, MP" is the set of fixed points of a. A set A c CP" is 
called cj-invariant if cj(^) = A. It is well- know that ii Z a CP" is a cr- invariant nonsingular 
(complex) projective variety, then Z n MP" is a nonsingular (real) projective variety. We 
also say that a rational map h : CP" --■>■ CP™ is cr-invariant if ho an = am o h. Of course, 
h is cr-invariant if its components are homogeneous polynomials with "real" coefficients; 
hence, it provides by restriction a "real" rational map /ijiRpn : RP" --^ RP™". 

In what follows, we will use freely usual concepts of (complex) Algebraic Geometry as: 
rational map, regular map, divisor, blow-up, etc. and we refer the reader to [Hal iMj IShU 
ISh2| for further details. We recall here the following useful and well-known fact concerning 
the regularity of rational maps defined on a nonsingular curve (see |Mj 7.1]). 

Lemma 2.1. Let Z cz CP" be a nonsingular projective curve and let F : Z CP™ be 
a rational map. Then, F extends to a regular map F' : Z ^ CP™. Moreover, if Z,F are 
a -invariant so is F' . 

One of our main tools is the resolution of indeterminacy of a cr-invariant rational map 
defined on a cr-invariant nonsingular projective surface. Since for our purposes we need to 
keep all the involved objects cr-invariant, we present for the sake of the reader a careful 
presentation of this well-known tool. 

2.b. Resolution of indeterminacy of a cr-invariant rational map. Let Zq cz CP" be 

a fj-invariant nonsingular projective variety of dimension d and let Fq : Zq CP™ be a 
(T-invariant rational map. To compute the set of indeterminacy of Fq = {Fi : • • • : F^) we 
proceed as follows (see [Shll III.1.4] ). Consider for each i = 0, . . . ,m the divisor Di in 
Zq defined by the polynomial Fi and let \D\ := hcdjl^Oi F>i, . . . , Dm} the highest common 
divisor of the divisors Dq, Di, . . . , Dm- Observe that the divisors D'^ := Di — \D\ have no 
component in common. By |ShH III.1.4.Thm.2] , the map Fq fails to be regular exactly 
at the points of the a-invariant set Ic ■= fXiLQSupp{D[) which has dimension ^ d — 2. 
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Moreover, since F£ is o"- invariant, it restricts to a real rational map : Zq nMP" MP™ 
whose set of indeterminacy is 1% ■= Yc MP^. 

We will denote both operators dim^ and dime indistinctly by dim; in both cases, the 
reader will be always able to distinguish from the context which one of them we are using. 
Even if it is involved in the statement of the following result, we postpone a little the 
definition and some related results concerning blow-ups. In what follows, we assume that 
Zq has dimension 2 and we claim that under the hypotheses above: 

()2.b[ l) There exist: 

(i) A a-invariant nonsingular projective surface Z\ a CP^ (for some k ^ 2); 

(ii) A a-invariant (composition of a) sequence of blow-ups ttc ■ Zi ^ Zq cz CP", whose 
fundamental set is Yc, that is, = {p e Zq : #'7r£^(p) > 1}, and which of course 
satisfy that '^c\zi\'k^^(Yc) ■ ^'i-\'^c^ (Yc) ~^ Zo\Yc is a biregular isomorphism; and 

(iii) A a-invariant regular projective map Fc : Zi ^ CP™ such that Fc\z-^\,r-'^{Yc) ^ 

Moreover, for each y e Y£, the irreducible components of'K^^{y) are nonsingular projective 
curves Ki^y biregularly equivalent to CP^ (via a regular map ^i^y : CP"*^ ^i,y7 which is 
a-invariant if Ki^y is a-invariant) such that 

(iv) if ye Yc\Y-r, then a{Ki^y) = Ki^a{y) and Ki^y n RF'' = 0, 

(v) ify e Ik, then either Ki^ynWF^ = and there exists j i such that a{Ki^y) = Kj^y 
(and Kj^y n MP'^ = 0) or a{Ki^y) = Ki^y and Ci^y = Ki^y n RP*^ is a non- 
singular projective curve biregularly equivalent to MP^ (via the restriction map 

4'i,y '■= *^*«,j/IrP1 '■ I^IP"'" ~^ Ci,y)- 

A (T-invariant triple {Zi,ttc, Fc) satisfying the previous properties will be called a a- 
invariant resolution of F^. 

Before sketching the proof of I2.brri we recall some terminology and results concerning 
blow-ups of nonsingular projective varieties at nonsingular centers. 

2.C. Blow-up with center a nonsingular variety. . Let Zq cz CP" be a nonsingular 
irreducible projective variety and let y c Zq be a nonsingular subvariety. Let Hi, ... , Hm 
be a system of homogeneous polynomials of the same degree which generates an ideal /, 
whose saturation 

7:= {H £ C[z] = C[zo, zi, . . . , Zn] : {zfH c I for some k ^ 0}. 

coincides with the ideal J^{Y) of polynomial functions on CP" vanishing identically on Y. 
Then, 

(|2.cl l) The blow-up Bly(Zo) of Zq with center Y is the closure in Zq x CF'"^^^ of the set 

{{z; {Hi{z) H^{z))) e {Zo\Y) x CP^-^}, 

together with the projection vr : Bly(Zo) ^ Zq x CP™"^ Zq, {z;y) ^ z (see [Ha', 7.18] 
and [Shll VI. 2. 2]). Recall that: 

• Bly(Zo) is a nonsingular irreducible projective variety of the same dimension as 
Zq, which "does not depend" (in the sense that it is unique up to biregular isomor- 
phism) on the choice of the ideal / nor on the choice of its generators (see |Sh21 
VL2.2 (a,b)]), 

• 7r^^(y) is a nonsingular hypersurface of Bly(Zo), 
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• '^\b1y{Zo)\it-''^{y) ■ ^W{Zo)\'K ^{Y) —>■ Zq\Y is a biregular isomorphism, and 

• Y can be covered by finitely many affine open subsets {Ua}a of Y satisfying 
TT-^{Ua) = UaX CP''"\ where r = dimZo - diuiY. 

(j2.cl 2) Moreover, let Yi, . . . , 1^ be the irreducible components of y. Since Y is nonsingular, 
so is each Yi and in fact Yi n Yj = if i j- On can also prove that Bly(Zo) = 
Bly^ (• • • Blyj (Bly-^ (Zq)) ■ ■ ■), using its characterization in terms of its local structure around 
Y and the uniqueness of a blow-up up to biregular isomorphism. 

()2.cl 3) The construction l2.cfT] above shows that if Zq,Y are cr-invariant, we may assume 
that also Bly(Zo) is cr-invariant, just by choosing an ideal / with saturation JzoiY) and 
whose generators are all cr-invariant (from a given family of generators, it is enough to 
consider the real and the imaginary parts of all of them). Notice that if we consider the 
immersion of Bly(Zo) in some CP^ by means of the Segre map (see [Hal 2.11]), then 
the map vr : Bly(Zo) Zq is cr-invariant. Thus, tt-'^{Y n MP") = tt'\Y) n MP^ and 
following the proof of [Sh2[ VI. 2. 2], we conclude that, in this situation of cr-invariance, Y 
can be covered by finitely many <T-invariant affine open sets {Ua}a such that vr^^(C/o) = 
Ua X CP''^"'^ and whose intersections with MP'^ satisfy 

7r"^(C/„) n PP^ = {Ua n MP") x MP'^^ 

where r = dimZo - dimY = dim(Zo n MP") - dim(y n MP") (see [BCRI 3.5.8-11]). 

()2.cl 4) Next, assume that Zq is a cr-invariant nonsingular projective surface and 1" is a 
finite cT-invariant subset. Consider the blow-up (Bly (Zq), vr) of Zq with center Y: 

(i) For each y e Y the fiber 7r^^(y) is, by I2.clll a nonsingular rational curve. In fact, 
if y e Y n RP'^, we have that 7r^^(y) is, bv I2.cl3l a nonsingular cj-invariant nonsingular 
rational curve, via a cr-invariant biregular equivalence with CP^. Moreover, if y e y\MP'^, 
then TT~^{y) n RP^ = 0, because vr is cr-invariant. 

(ii) If C c Zq is a nonsingular curve not containded in the center y, its strict transform 
C ■= ClBv(Zo)(7r"HC\y)) c 7r-i(C) is, by (ShU VI. 2. 2. d], a nonsingular curve. Moreover, 
if there is a cr-invariant biregular equivalence ^> : CP^ C, then the strict transform 
C cz 7r~^(C) of C under vr is cr-invariant and, bv 12. II applied to the rational map vr^^ o ^ : 
CF^ — > C, there exists a cr-invariant biregular equivalence ^ : CP^ C. 

Sketch of proof of statement \2. h\l\ In view of the proof of |ShH IV.3.3.Thm.3] , the (finite) 
procedure to resolve the indeterminacy of a rational map Fc : Zq CP™" consists of 
blowing-up the points of indeterminacy of F and of the subsequent rational maps obtained 
by composing F with the corresponding sequence of blow-up maps already constructed 
in the process. By I2.cl2^ we may blow-up at once all the indeterminacy points of any of 
such rational maps. Thus, bv 12. cl3l applied inductively, we may assume that each rational 
map involved in the process, its domain of definition and its set of indeterminacy are all 
cr-invariant. Of course, Fq is the first rational map, Zq is the first domain of definition 
and Yc is the first set of indeterminacy; as we already know, all of them are cr-invariant. 
Notice that in the last step of the process we achieve: 

• A cr-invariant nonsingular projective surface Zi cz CF^ (for some k ^ 2), 

• A cr-invariant sequence of blow-ups ttc : Zi ^ Zq cz CP", and 

• A cr-invariant regular projective map Fc : Zi ^ CP™ such that Fcj^^^-i^y^^ = 
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Thus, the triple {Zi,itc, Fc) satisfy conditions (i) and (iii) in the statement. Next, notice 
that the preimage of each point of Ic is, bv l2.cl41 a complex projective curve whose irre- 
ducible components are nonsingular rational curves. On the other hand, by construction, 
the preimage under vr of each point of Zq\Vc is a singleton. Hence, Yq is the fundamen- 
tal set of TTc and (ii) in the statement holds. Finally, assertions (iv) and (v) are again 
straightforward consequences of I2.cl4l □ 

2.d. Projective curves intersecting in a singleton. Another tool that will be useful 
later concerns the supply of sufficient conditions to guarantee that the intersection of two 
connected complex projective curves of a complex projective surface with good properties 
is either empty or a singleton. The proof of the following result (see [J2l 3.1]), included 
for the sake of the reader, is deeply inspired in the proof of [JH 4.6]. 

Lemma 2.2. Let X be a (complex) proyective surface. Assume that X contains an open 
dense subset U such that Hi{U]'L) = H2{U;7j) = and whose complement A := X\U 
is a complex proyective curve. Let Ci,C2 c A be two connected, (complex) projective 
curves without common irreducible components. Then, the intersection Ci n C2 is either 
the empty set or it is a singleton. 

Proof. The proof runs in several steps: 

(|2.2[ 1) First, we may assume that X is a compact polyhedron of dimension 4, ^4 is a 
closed subpolyhedron of X and U is an orientable manifold of dimension 4. By Lefschetz 
duality (see §[ 6.1.11 & 6.2.19]), H'{X,A;Z) ^ Hi_i{U;Z) for z = 0, . . . , 4; hence, from 
the long exact sequence of cohomology (see [SI, 5.4.13]), we have 

H^{X,A;Z) H^{X;Z) H''{A;Z) H'^{X,A;Z) ^ H2{U;Z) = 

and so the homomorphism H^{X;Z) H^{A;Z) is an epimorphism. Since U is an open 
dense subset of X, there exists, by means of [JTI 4.7], an epimorphism = Hi{U;Z) 
Hi{X,Z), and so Hi{X,Z) = 0. Now, by the universal-coefficient theorem for cohomology 
[El 5.5.3] and by [SI 5.5.1], we deduce that H^{X,Z) = Hom(Fi(X, Z), Z) = 0; hence, 
H^{A;Z) = 0. 

()2.2[ 2) Next, let C A be a compact analytic curve and let C be the union of the 
irreducible components of A not contained in C; clearly, J-" = C n C" is a finite set. 
Observe that, since C and C are analytic sets, they are locally contractible; hence, for all 
X e J-", there exists a neigbourhood in A such that: 

• n C and n C have the singleton {x} as a deformation retract, 

• V nC nC = {x}, and 

• n = [f xi,X2 e T and xi X2. 

A straightforward computation shows that V := C u lJxej"(^^ ^^^^ ^ C (j 

UxeA^"" n C) are open subsets of A such that VuW = A,VnW = \JxeA^^ ^ (C ^ C')) 
and C, C are respectively deformation retracts of V and W; moreover, is a deformation 
retract of y n W. Using the Mayer- Vietoris exact sequence for cohomology (see [HI 5.4.9]), 
we have 

= H^{A;Z) = H^{VuW;Z) H^{V;Z) @ H^{W;Z) ~* H^{V nW;Z) ^ H^{F;Z). 

Since J" is a finite set, H'^{F;Z) = 0, and so H^{C;Z) ^ H^{V;Z) = 0. Thus, in 
particular, for the choice C = Ci <u C2, we have H^{Ci u C2; Z) = 0. 

(|2.2[ 3) Finally, if Ci n C2 7^ 0, let us check that this intersection is a singleton. Let 
Vi, V2 be two open subsets of Ci u C2 such that 
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• Cj is a deformation retract of Vi for i = 1,2, 

• Vi u V2 = Ci u C2 and Ci n C2 is a deformation retract of Vi n V2. 

(for the construction of Vi , V2 proceed similarly to I2.2I2P . Using the Mayer- Vietoris exact 
sequence for reduced cohomology (see [SI 5.4.8 &; p. 240]) applied to the open subsets Vi, V2 
of Ci u C2 (whose intersection is non-empty), we deduce 

= i?°(Ci n C2;Z) ^ H^{Vi u V2;Z) = H^{Ci u Ca;^) = //^(Ci u Cs; Z) = 0. 

Now, since Ci,C2 are connected, H^{Ci;'L) = and so, we have H^{Ci n Ca;^) = 0; 
hence, the finite set Ci n C2 is connected, that is, it is a singleton. □ 

Example 2.3. Let J-" be a finite set and let U := C^\J-' be its complement. Then, 

Hi{U,Z) = H2{U,Z) = 0. 

First, by Hurewicz's theorem, Hi{U,'L) is the abelianization of t^i{U) = 0; hence, 
Hi(U, Z) = 0. To compute H2{U, Z), we may assume (after a homeomorphism of = M^) 
that 7" = {pi,...,pr}, where pk := (2/c-l,0) = (2A;-1, 0, 0, 0). Notice that := ULi^p ' 

Pi 



where S^. := {x e : ||x — pi\\ = 1}, is a deformation retract of U = Observe that 



[0 if|i-jl>l. 

Denote Dk := Ui=iSp, and observe that H2{Di;Z) = H2{Sl^;Z) = 0. By induction hy- 
pothesis, we assume that H2{Dr-i;1') = 0. Now, using the Mayer- Vietoris exact sequence 
for homology (see [S, §4.6]), we have 

= H2{Dr-i,Z)®H2iSl^;Z) ^ H2{Dr;Z) = H2{U;Z) 

Hi{Dr-i nEl,Z) = Hi{{pr-i,r};Z) = 0; 

hence, H2{U ; Z) = 0, as wanted. 

Remark 2.4. In view of Example 12.31 Lemma 12.21 applies in case U is homeomorphic to 
the complement in C'^ of a finite subset J-. 

2.e. Rational curve selection lemma. To finish this section, we present for the sake of 
completeness the following variation of the curve selection lemma adapted to the situations 
we will approach later. 

Lemma 2.5. Let / : M" E™ be a regular map and let S := /(M"). Let S' ^ S he a 
semialgebraic dense subset of S and let p e CliRpm (S')\S'. Then, there exist 

• integers r, ki with r ^ 1 and ki = min{/ci, . . . ,kn} < 0, and 

• polynomials pi e M[t] with pj(0) ^ for i = 2, . . . ,n, 

such that (after reordering the variables if necessary) for each (3 e (t)''M[t]" we have 

(i) p = limt^Q+{f o {a + (3)){t) where a = {±t''\t''^p2, ■ ■ ■ ,t.''"Pn) , and 

(ii) {f o [a + /3))((0,e)) <= S' for e > small enough. 

Before proving the previous result we need a technical lemma. 

Lemma 2.6. Let F e R[x] = M[xi, . . . ,x„] be a non identically zero polynomial and let 
g e M((t))". Then, for each s ^ 1 the exists r ^ 1 such that if h e (t)^M[[t]]" we have 
Fig)-Fig + h)eitrR[[t]]. 
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Proof. We write g = where k ^ and g' e M[[t]]". Let z e M and y := (yi, . . . , y„) be 
variables and let us write 

F(x + zy) = F(x) + z/7(x,y,z) 

where H e ]R[x, y, z] is a polynomial of degree say d. Let r := s + kd and observe that if 
h e (t)'"]R[[t]]", we may write h = t'^h' where h' e M[[t]] and 

F{g + h)-F{g)=t^H(^^,h',t^). 

Observe that the order of the series F[g + h) — F(g) is ^ r — kd = s, as wanted. □ 

Proof of Lemma \2.5l First, we may assume that S' is open in S. Indeed, since S' is dense 
in S and this last is pure dimensional (say of dimension d), because it is the image of 
under a regular map, we deduce that S\S' is a semialgebraic set of dimension ^ d — 1. 
Since dim(CliRm(5\5')) = dim(5\5'), we deduce that S" := 5\ CliRm cz S' is dense 
and open in S. Thus, changing S' by S" if necessary we may assume that S' is open in S. 

Next, since Cl]Rpm(S") = C1]rp'"('S') is a semialgebraic set and p e CliRpm(5')\5, there 
exists, by the Nash curve selection lemma (^BCRi 8.1.13]), a Nash path 7 : (—1, 1) MP™ 
such that 7((0, 1)) c S' and 7(0) = p. Let {xk}k I^" and {tk}k^i c (0, 1) be sequences 
which are respectively convergent in MP" and [0, 1] such that limfc^oo tk = and f{xk) = 
7(ifc) for all k ^ 1. Let q e MP" be the limit of {xk}k^i- Observe that since S 
and p = 7(0) e Clw^ {S)\S, we have that q e MP"\M" = Hoo(M). 

As it is well-known, dim(/-i(7((0, 1)))) ^ dim(7((0, 1))) = 1. Since 

g e CW(r^(7((0, l))))\(r^(7((0, 1)))), 

there exists, again by the Nash curve selection lemma, a Nash path A : (—1,1) 
such that A((0, 1)) /^^(7((0, 1))) and A(0) = q. Thus, after reparametrizing 7 we may 
assume / o A = 7 and so, there exist Aq, Ai, . . . , A„, 70, 71, . . . , 7m e I^[['t]] such that 

/oA^/(^....,^) = (2l....,^^ 

V Ao Ao / V 70 70 > 

lim^_^o+(l • '^(*)) = Q and limj^o+(l • 7(^)) = P- Since q e Hoo(M), we may assume after 
reordering the variables xi, . . . ,Xn that the order 

In fact, after a change of the type t 1-^ tu{t) where u e M[[t]], we may assume that 
^ = it^^i with ki < and we may write ^ = t'^'ipi where pi e M[[t]] and k[ e Z, for 

_ n Ai 

Ao 

^ n 

Ao 

Next, write / = (^, . . . , ^) where fi e M[x] and /o does not vanish in M". Notice that 
there is, by ESI fo^ ^ such that if /i = (^1, . . . ,/i„) e (t)'"oM[[t]]", then we have 



7, 



i = 2, . . . , n. For simplicity we take k[ = Q and /jj = if ^ = and pi e M[[t]] and 
ki = k'-eZ such that pi{0) if ^ 7^ 0. 



p 



lim (1 : X{t) + ^(t)) = q and lim (l : ^(A(t) + p{t)) : • • • : 4^(A(t) + p{t))) 
t^o+ t^o+ V /o /o / 

Moreover, since S' is open in S, also f^^{S') is open in M". Thus, since A((0, 1)) c 
/^^(7((0, 1))) c f^^{S') there are finitely many polynomials gi, . . . , gg E M[x] such that 



A((0,ei))^{gi>0,...,5, >0}^ri(5') 



ON THE SET OF INFINITE POINTS OF A POLYNOMIAL IMAGE OF R" 



9 



for some ei > small enough. Thus, we may write gi o \ = a^t + • • • where Oj > 
and ^i e Z. By 12.61 there exists r ^ max{ro,fc2, • • • ,k'^} + 1 such that if e (t)''M[[t]], 
then {gi o (A + r])) — {gi o A) E (t)*M[[t]], where s := max{0,^i, . . . ,lq} + 1; hence, each 
(7i o (A + r/) > for t > small enough, for all rj e (t)^M[[t]]. 

Now, if we choose /i := (0,^2, ■ ■ ■ , fJ-n) e (t)''I^[[t]]" such that t^''^ + /Uj) = Pi + 
t^'^'//j e R[t]\{0}, we are done. Indeed, if 7^ and so = ki we define Pi := pi+t^'^'Pi; 
on the other hand, if ^ = 0, we write pi + t^^'ipi = t'^^pj with ki ^ 0, pj e M[t] and 
Pi(0) 7^ 0. The integers r, fcj and the polynomials Pi for i = l,...,n satisfy all the 
conditions in the statement. □ 



3. Connectedness of the set of infinite points of a polynomial image 

The purpose of this section is to prove Theorem ll.il In fact we approach this result in 
the more general framework of quasi-polynomial maps, that we introduce here. 

Definition 3.1. Let / = (^, • • • , ^) : M" be a regular map, where each fi e M[x], 

such that ^ deg(/o) < max{deg(/i), . . . ,deg(/m,)}- Consider the rational map 

Fm : MP" MF'", X = (xo : XI : . . . : x„) ^ (Fo(x) : Fi{x) : • • • : 

where Fi(xo : xi : . . . : x„) = x^/j(|^, . . . , and d = maxj=o,...,m{deg(/i)}. Let Ir 
be the set of indeterminacy points of and write Fq = XqFq, where e ^ 1 and Fq e 
M[xo,xi, . . . ,x„] is a homogeneous polynomial non divisible by xq. We say that / is a 
quasi-polynomial map if 1% n {Fq = 0} = 0. 

Remarks 3.2. (i) The definition of quasi-polynomial map includes of course the case in 
which /o is a nonzero constant, that is, / is a (non-constant) polynomial map, but also 
more general situations. For example, the case on which the set {Fq = 0} n MP" = 0, 
which occurs for instance if /o = ^0 + (^iXi^^ + • • • + b'^x^Y, where k,i and 6, e M\{0}. 

(ii) The condition ^ deg(/o) < max{deg(/i), . . . , deg(/m)} in Definition 13. II guaranties 
that the natural rational extension Fq : CP" --^ CP"" of satisfies Fc(Hoo(CP")) = 
Hoo(CP'"). 

(iii) Notice that if the polynomials /o, /i, • • • , /m are relatively prime, then 

Yr n {F^ = 0} = {F^ = 0,Fi = 0, . . . = 0} n MP". 

(iv) If n = 1, the condition ^ deg(/o) < max{deg(/i), . . . ,deg(/m)} characterizes the 
quasi-polynomial maps. 

Theorem 3.3. Let S cz M"^ MP™- be a semialgebraic set which is the image of a quasi- 
polynomial map f : M" M™. Then, Sco is connected. 

Proof of Theorem^Mfor the case n = 2. Write / := (^, • • • , ^) : M^ ^ M"*, where each 
fi e M[xi,X2] and /o does not vanish on M^. Since deg(/o) < max{deg(/i), . . . ,deg(/m)} 
the map / is non-constant. The proof runs in several steps. 

(|3.3I 1) Following the notations of 13.11 the rational map Fk : MP^ — MP™ extends 
naturally to a cj-invariant rational map Fc : CP^ --^ CP™. We may assume that the 
polynomials Fo,Fi, . . . ,Fm e M[xo,xi,X2] are relatively prime and so the set of points of 
indeterminacy of the rational map Fr (where K = M or C) is 

Yk = {xe ]KP2 : xoFo(x) = 0, Fi{x) =0, i = 1, . . . , m}. 
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Observe that Ir is a finite subset (see l2.bp of the set £00 (IK) u {x e IKP^ : Fq{x) = 0}. In 
fact, since / is regular on M^, is contained 

()3.3[ 2) Let (Zi, TTc, Fc) be a cr-invariant resolution of Fq and let us keep all the notation 
introduced in 12. bill Denote 

• Xi:= Zi nMP'^, which is a nonsingular real projective surface, 

• TTiR := vTclxi : RP^ which is the composition of a sequence of finitely many 
blow-ups, and whose restriction 7riRlxi\7r"^(yR) ■ ^i\'^r^(^k) KP^V^ is a bireg- 
ular isomorphism, and 

• := Fc\xi '■ Xi MP™, which is a real regular projective map such that 

Since cz if x e Xi\7r^^(^oo(K)), we have itr{x) e Mp2y„(M) = and so 

Fu{x) = Fm o TT^ix) = fiM^)) e M'" = MP^VHoolM); 
hence, F-i(Hoo(M)) c Tr^\£^,{R)). 

(|3.3I 3) The strict transform Koo under ttc of £00 (C) is, bv 12x14^ 11). a nonsingular curve 
and ttcIkoo • ^oo — > ^00 (C) = CP"^ is a cr-invariant biregular isomorphism; hence, Koo is a a- 
invariant nonsingular rational curve. Consequently, Coo '■= Koo 1^ is a real nonsingular 
rational curve, which is moreover the strict transform under ttr of £00 (I^)- 

()3.3I 4) Let E be the cj-invariant projective curve {z e CP^ : Fq{z) = 0}. Since /o does 
not vanish on and xq does not divide Fq, the intersection E n MP2 is a (possibly empty) 
finite subset of ^oo(I^)- Moreover, 7r^"^(E) = E u UyeEnYc '''"c^(2/)' where E is the strict 
transform of E under vrc; of course, E is a fi-invariant projective curve. We have: 

([3314.1) E n Uyey. t^cHv) = and En MP^' cz Coo- 

Indeed, let y e Ik and let us show that E n TT^^{y) = 0. Otherwise, there exists 
X e E n Tr^^{y) and so y = 7rc{x) e 7rc(E) = E; hence, 

y e n E n MP^ = n {z e MP2 : F^{z) = 0} = 0, 

a contradiction. Next, since 7r(c(E n MP'^) c E n MP^ <= ^00 (M), we have 

E n MP*^ c 7rgn^oo(M))\ [j Tr^\y) cz C^. 

yeYf, 

(|3.3I 4.2) Moreover, using the fact that Fc\^_^^^-i^y^^ = Fc o '^c\zi\n^'^{Yc)^ deduce that 
E u Koo c '(Hoo(C)) c E u Koo u vrc'(lc); 

hence, F^^(Hoo(C)) is a cj-invariant projective curve whose irreducible components differ- 
ent from E are either singletons or nonsingular rational curves (see I2.brr]) . 

()3.31 5) The following diagram summarizes the achieved situation (in the complex and real 
cases) : 
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(|3.3i 6) Let us prove next that: 03 (C)) is connected. Consequently, F^. (Hco(C)) does 

not contain isolated points and its irreducible components different from E are nonsingular 
rational curves. 

Indeed, by the Stein factorization theorem (see [112\ III. 11. 5] and its proof) applied to 
the projective morphism Fq : Zi ^ CP*", there exist a projective variety V and projective 
morphisms d : Zi ^ V , G2 : V ^ CP*" such that: 

• Gi is surjective and has only connected fibers, 

• G2 is a finite morphism, and 

• Fc = G2 o Gi. 

Next, we check that H := ^(Hoo(C)) and ^^^^(H) = F~^(Hoo(C)) are connected. 

([331 6.1) G^^(Hoo(C)) is connected. 

Since G2 is finite, we deduce, by |H2[ II. 5. 17], that it is an affine morphism; hence, 

G^\cn = G2-^(CP'")\G2^(Hoo(C)) = V\G^\HM) 

is an affine algebraic variety. Therefore, since is a complete manifold, we deduce, by [HH 
6.2, p. 79], that H = G2^^(Hoo(C)) = 1^\G^^(C'") is connected because it is the complement 
in V of an affine open subvariety. 

([3:31 6.2) G^'^{H) is connected. 

Suppose that G|f^(H) is the disjoint union of two closed subsets Ai,A2. Since Gi is 
proper, Gi{Ai), Gi{A2) are closed subsets of H such that H = Gi{Ai) u Gi{A2) (use here 
that Gi is surjective). In case Gi{Ai) ^ for i = 1, 2, the intersection Gi{Ai) n Gi{A2) ¥= 
0, because H is connected. Let x e Gi(j4i) n Gi{A2); hence, 

G^\{x}) = {G^\{x}) n A,) u {G^H{x}) n A2) 

is the disjoint union of two non-empty closed sets and so G^^{{x}) is disconnected, a 
contradiction, because Gi has only connected fibers. 

([3.31 7) Next, by Zariski Main Theorem (see |II2[ III. 11. 4]) applied to the birational 
projective morphism ttc ■ Zi ^ CP^, we have that: For each y e Yc the fiber TT^^{y) is 
connected. 

([3.31 8) In the next step we will use 12.21 several times. To easy the procedure we point 
out here the key facts. First, bv l2.cl4l we have that A := 7r^^(£oo(C) u Yq) is an algebraic 
curve, whose irreducible components are nonsingular rational curves. Next, observe that 
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U := Zi\A = 7rj^^(C^\lc) is a dense subset of Zi biregularly equivalent to C'^\Yc (that is, 
the complement in of a finite subset). Now, let Bi, B2 <^ A be two connected compact 
algebraic curves without common irreducible components. Then, by 12.21 12.31 and 12. 4| the 
intersection Bi n B2 is either empty or a singleton. 

(j3.3[ 9) Now, let y E Ik and let T be a cr-invariant connected union of irreducible compo- 
nents of vr^^ (y). Let Ki, . . . , Kr be the a-invariant irreducible components of T and denote 
Ci := Ki n MP*^, which is, by I2.blll fv). a real nonsingular rational curve for i = 1, . . . ,r. 
We have: 

(i) The projective curve (J[=i Ki is connected. 

(ii) Suppose moreover Koo n T 7^ 0. Then, the intersection Koo n T = Kqo n IJil^i Ki 
is a singleton contained in Xi. In particular, Kqq u Ki is connected. 

(iii) We may order the indices i = 1, . . . ,r in such a way that Coo n Ci = Kqo nT is a 
singleton and Ci n (Jj^^ Cj is a singleton for i = 2, . . . ,r. In particular, the real 
projective curve C := {Jl^i Ci is connected and Cqo n C 7^ 0. 

We begin by proving 13.319( 1). If T = |J[^i -f^i there is nothing to prove. Otherwise, 
denote by Kr+i, . . . , Kg the non cr-invariant irreducible components of T. Denote 

t := max : J" c {1, . . . , r}, [J i^i is connectedj 

and we let us check that t = r. Suppose, by way of contradiction, that t < r; we 
may assume that K := [Jl^-^^Ki is connected. Thus, since each K^ is connected, each 
intersection K n K^ = for t < i ^ r. Now, since T is connected and cr-invariant, but 
K n [Ji^i_f_i Ki = 0, we may assume that K n Kr+i ¥= and a{Kr+i) = Kr+2- Since K 
is cr-invariant, K n Kr+2 and so u Kr+i u Kr+2 is connected and cr-invariant. We 
reorder the indices i = r + 1, . . . , s inductively in such a way that 

• u [Jl^^'li Ki is connected and cr-invariant for each j ^ I, and 

• a{Kr+2j-i) = Kr+2j for each j ^ 1, 

until we find indices r < r + 2j s and t < £ ^ r such that Ki n [K u Ui=r+i ^j) ^ ^'i 
such indices exist because T = l^l^i Ki is connected. 

We have two connected cr-invariant projective curves Kg and K u IJ^^^:^^ Kj, which are 
contained in A (see 13.3181 for the definition of A), because y e cz (M) ^00 (C); hence, 
the non-empty cr-invariant intersection Kg n (-f^ IJl=r+i ^j) bv 13.3181 a singleton {pe}, 
contained in Xi = Zi nRP'=. Thus, since Ki cz CP''\MP'' for i = r + 1, . . . ,s (see \2J^ iv)). 
we have pi e Ki n K 0, a contradiction. Therefore, r = t and so (J^^i Ki is connected. 

Next, we prove ISTSlQlf ii) . Since Koo,T cz A are cr-invariant connected projective curves, 
the non-empty cr-invariant intersection Koo T is, by 13.3181 ^ singleton {p}, contained in 
Xi. Hence, p e T n WF^ cz ^Jl^i Ki, because the non cr-invariant irreducible components 
of T are contained in CP'''\IRP'' (see [2^1]; v)). Therefore, Koo n T = Koo n ULi = {p}- 

Now, we approach I3.3l9f iii) . First, since p e Xi = Zi n MP'^, we have 

r r 

Coo n y Q = (Koo n (J i^i) n MP^' = {p} ^ 0. 

i=l j=l 

Thus, we may assume that Cqo n Ci 7^ 0, that is. Coo n Ci = {p} = Koo T. Next, since 
[Jl^i Kr is connected, we claim that: We may order the indices i = 2, . . . ,r in such a way 
that Ki intersects the union U}=i i = 2, . . . ,r. 
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Indeed, since K = (J^^^ connected, the intersection Ki n ^ hence, we 

may assume that Ki n K2 ^ 0. Using, again that K is connected, we deduce that the 
intersection of Ki u K2 and U[^3 Ki is non-empty; hence, we may assume that 
intersets Ki u K2- Thus, proceeding so on, we prove the claim. 

Next, since Ki and Uj=i Kj are a-invariant connected projective curves contained in 

A, the non-empty cr-invariant intersection Ki n lj}=i -^i bv 13.3181 a singleton {qi}, 
contained in Xi; hence, 

i-1 i-1 

qi E MP'^ nKin[jKj = Cin[j Cj. 

Thus, Ci n 1J}=1 ^ ^ ^ ^ 2, . . . , r. Therefore, since each Ci is a nonsingular 
curve biregularly equivalent to MF^, we deduce that the projective curve C = Ci is 
connected. 

(|3.3i l0) Now, we prove the following: If y £ Ir, the a-invariant projective variety Ty := 
'^c^iv) '^^C^^<x>{'C)) is connected and KoohTj^ is a singleton. Thus, if has dimension 1 
and Ki^y, . . . , ^ry,y are the cr-invariant irreducible components of Ty, we have bv l3.3l9l that 

the projective curve IJ^^^ Kj^y is connected and Kqo n Ty = K,x n [Jl^i ^i,y is a singleton 
contained in Xi. 

Since y eY^ a £coO^) ^ ■^co(C) and vrc(Koo) = ^oo(C), we deduce that Kqo n TT^^{y) 7^ 0. 
Now, by 13.314121 and IHrHIW ii) , 

TynKa, = TT^Hy) n % i(Hoo(C)) n Koo = 7rc\y) r^ Koo 

is singleton. Moreover, bv l3.3l4lT1 E n TTi^^{y) = 0. 

Note also that if yi,y2 e and yi 7^ y2, the intersection 7r^^(?/i) n TT^^{y2) = 0. 
Therefore, if Ty is disconnected, then (see I3.3I4I2|) 

%i(Hoo(C)) = E u Koo u □ (ttcH^) n % HHoo(C))) 

will be also disconnected, which contradicts 13.3161 Thus, claim [3731101 holds. 

(|3.31 11) Next, let us check that: F]g"^(Hoo(M)) is connected; and consequently, the set 
F]r(Fj^^(Hoo(K))) is also connected. 

First, since Fc is a-invariant, we have Fjg ^(Hoo(M)) = Fj7^(Hoo(C)) n MP'^. Moreover, 

byESEE 

% i(Hoo(C)) = E u Koo u U {TTcHy) n HHoo(C))). (*) 

yeYc 

Fix y e Ir and consider Ty = 7T^^{y) n i<'j7-'^(Hoo(C)). If Ty is a singleton, then bv 13.31101 
we deduce that Ty cz Kqo- Otherwise, we denote by Ki^^, . . . , K^^^^j^ the cr-invariant irre- 
ducible components of Ty; hence, using the fact that the non cr-invariant irreducible compo- 
nents of 7r~^(y) do not intersect MP*^ (seeEHD^v)), we deduce nMP'^ = {J^l-^ Ki^j^nRP'^. 

Moreover, hv \TW^ iv). vr^^y) ^ ^^'^ = ^ for ah y e Yc\Yk. Denote by Y^ the subset 
of points of Ik such that Ty is not a singleton. Now, intersecting expresion (*) above with 
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MP'', we deduce, using also 13.314111 that 

HHoo(M)) = % i(Hoo(C)) n MP'= = Coo u IJ IJ K^y n 

Next, recall that bv 13.31101 the projective curve \JiLi ^i,y is connected and the intersec- 
tion Koo n Ulii K i^y is a singleton {py} for each y 6 1^. Moreover, bv l2.brLTv) and 13.3121 
the intersections Cj^y := Ki y n WF^ and Coo = Koo 

n MP'' are real nonsingular rational 
curves and in particular connected. With the new notation, 

F^-i(Hoo(M)) = Coo u U \]Q,y. 

To complete the proof of 13.31111 observe that bv 13.319^ 111): Each projective curve Cy : = 
[JiLi ^i,y is connected and each intersection Coo n Cy 7^ 0. 

()3.3I 12) To finish, it only remains to show that Fir(Fj^^(Hoo(M))) = 5oo. Since Xi = 

ZinRP'^ is compact, Fr is proper, and so, also the restriction -FRlp-i^jgm) : -Fj^^(M'") 

is proper. Thus, since ^^(M^) is dense in Xi and S = /(M^) = Fk(M2) = FK(7rig^(]R2))^ 

F^{F^\R^)) = FM(Cl^^-i(^„)(7r^i(M2))) 

= ClM™(FM(7r^i(IR2))) = C1ir™(/(m2)) = C1m™(S); 

hence, = CliRm(5). Using now that Fr is proper, we have 

Cl]Rm(S') u Soo = C1rp™(S') = ClRpm(F]K(Fjg -^(M'"))) 

= Fm(C1x,(Fk ^(M™))) = = F^{F^\R^)) u mF^\H^{R))). 

Thus, 5oo = Fk(F]^"^(Hoo(M))) is, bv l3.3lll"1 connected, as wanted. □ 

Now, we are ready to prove Theorem 11.11 We present an independent proof to the one 
of Theorem 13.31 for n arbitrary, even if Theorem 11.11 is a particular case of Theorem 13.31 
because it is enlightening about the general strategy we follow to prove Theorem 13.3! in 
its full generality from the case n = 2, which of course is also used to prove Theorem ll.il 

Proof of Theorem W.W For n = 1, the result follows from ^Fj 1.1]. To prove that Soo is 
connected if n ^ 2, it is enough to show that for any given pair of points p, (? e 5oo, there 
exists a connected subset T 5*00 containing p and q. By 12.5! there exist polynomials 
pj,qj E M[t] such that pj(0),qi(0) and integers ki,ii such that the parametrizations 
a := (t'^ipi,. . . ,t'="p„) and /3 := (t^^qi, . . . ,t^"qn) satisfy 

lim (/ o a)(t) = p and lim (/ o /3)(t) = q 
t^o+ t^o+ 

where the limits "have been considered in MP*"". Of course, at least one couple {ki,ij) is 
of negative integers. Consider the polynomials 

f yl*=»lp^(x) ifA;i<0 f (-y)'^*'qi(x) if < 

Pi(x,y) = < , and Qi(x,y) = < 

'^^ I x^-'p,(x) iffc,^0 I x^'q,(x) if£,^0 



and let 

h = ^^{Pl, ■■■,Pn) + ^-^{Ql, • • • , Qn). 

Consider the polynomial map g := / o : M2 ^ and observe that 
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To = im(5r) c im(/) = S and so Tq^oo c Sod- 
P = limt^o+ 9{t, lA) and q = limj^o+ 9{t, -1/0 in 
Hence, since p,q ^ Tq^oo ^ ^oo and Tq^qo is, by 13.31 for n = 2, connected, we are done. □ 

Now, we prove Theorem 13.31 in its full generality. 

Proof of Theorem \3.3\ for an arbitrary n. The case n = 1 follows from [Fl, 1.4] and the case 
n = 2 has been already proved above. Thus, we may assume that n ^ 3. We write / = 
. . . , ^) where each fj e M[x], /o does not vanish on M" and gcd(/o, /i, . . . , fm) = 1- 
Assume that deg(/i) ^ deg(/j) for j = 1, . . . , m; by means of a linear change of coordinates 
in of the type (yi, . . . , Vm) ^ (yi, y2 + hvi, ■■■,ym + hmyi) (where hj e M), we may 
assume that 

deg(/i) = • • • = dagifra) = d> deg(/o) = d-e 
for some e ^ 1. We denote Fj := Xq/j(|^, ■■■ and Fq = xgFg, where e ^ 1 and ^ 
M[xo, xi, . . . , Xn] is not divisible by xq. Notice that xq does not divide Fj for j = 1, . . . , m, 
because deg(/j) = deg(i^j) = d. Moreover, after a linear change of coordinates in M" of 
the type (xi, . . . , Xm) '—>■ ixi,X2 + a2Xi, . . . , x„ + OnXi) (where Oj e M), we may assume 
that the degree of each fj coincides with their degrees with respect to the variable xi. 

To prove that 5*00 is connected, it is enough to show that there exists a point po e Soo 
such that for any other point q e ^oo, there exists a connected subset T cz Soo containing 
Po and q. We choose 

PO := lim (Fq: Fi: ... : F™)(1 : 1/t : : . . . : 0) e Hoo(M) 

(where the limit is taken in MP™) and let q e Soo- Bv 12.51 there exist 

• integers r, ki with r ^ 1 and kig = min{A;i, . . . , /c„} < 0, and 

• polynomials pj e M[t] with pj(0) ^ for i ^ io and pj^ = +1, 

such that for each /3 e (t)^']R[t]" we have q = lim^^o+(/ ° {ct + /3))(t) where a{t) = 
(t'^ipi, t'^2p2, . . . , t'^"p„). After the change t t^, we may assume that /cjQ ^ —6 and 
even. For simplicity, we keep all the initial notations. 

Write Pi = XijLo^ij*"' where di = deg(pj) and consider the formula 

P.(x,y):= 2 a^^Y^'^^'U ^ "^^^ _f)7+ y4).. - 

where j + ki + 1 = Aqj + Cj, qj ^ and ^ ej ^ 3 for each ^ j ^ d j such that j + h ^ 0. 
Observe that Pj(t, i) = t'^*pj(t) for i = 1, . . . ,n and Pig = Pioy'^^'ol = +yl'=»ot. 

Denote Iq := maxjlg^;. : di + ki ^ 0} and notice that ((xy — 1)^ + y^YPi £ IR[x,y] for 
each i ^ £q. Moreover, 

deg(((xy - if + Y^fPi) ^ maxj-Zc^ + 4^, M - Aqj + Cj + 1 : h + j ^ 0} 



+ max{-A;i, 4} ^ 4^ + \k, 



and the equality deg(((xy — 1)^ + y^)^Pi) = 4^+|A;j(,| holds if and only if fcj = ki^. Moreover, 
since \kig \ ^ 6, 

deg,(((xy - 1)2 + y^Pi) ^ I " ^"'^ ^ ^ : ; ; 1^ < 2£ + 4 < 4^ + \h,, 
for all i = 1, . . . , n. 
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Let I := max{£o,?^} and define 

r ((xy-l)2+y4)^ ifi = 0, 

/ii(x,y):=J ((xy-l)2+yYPi(x,y)+pi(0)x4^+l'=^l if z = 1, 

[ ((xy-l)2+y4)^P,(x,y) ifz = 2,...,n. 

Consider the regular map h := (|^,...,^) M" and observe that 

Mt,0) = (pi(0)t^^+l'='ol,0,...,0) and hU,l) = a(t) + (pi(0)t8^+l*^'ol, 0, . . . , 0); 



hence, Iim(_,o+(/ o h){l/t,Q) = po and limj^o+(/ ° h){t, 1/t) = q. 

Next, consider the regular map (7 := / o /i : — » W^. Denote gi := Fi{hQ, hi, ... , e 
]R[ui, U2] for i = 0,1, ... ,m and observe that g = (|^, . . . , ^) and go does not vanish at 

any point of M?. Next, we prove that 5 is a quasi-polynomial map. First, we have 

• To = im{g) c im(/) = S and so T^oo <= Soo- 

• Po = limt_o+ 0) and q = limt^o+ f 1/*) in 
. 50 = ((uiU2 - 1)2 + n^^r'F^iho, hi,..., hn). 

• deg(5ro) = d{M + IfeiJ) - e|feij < d{M + IfeiJ) = max{deg(5ri), . . .,deg{gm)}- 
Indeed, since 

■ deg(F^) = deg(/o) = dcg^^(/o) = d - e, 

■ deg(Fj) = deg(/j) = deg^^(/j) = d, 

■ deg(/ii) + \ki,,\, dcg(/74) =U + \ and 

. (/io,/ll,...,/tn)(t,0) = (l,pi(0)t^^+l'=^ol,0,...,0), 

we have 

deg(5o) = 4e£ + (d - e)(4£ + \ki^\) = d{M + \ki^\) - e\ki^\ < d{M + \ki^\) = deg{gj) 
for each j = 1, . . . ,m. 

Now, let ii:=M+ \ki,\ and write := u^/i,(^, ^) and G,- := ^''gji^, ^) which are 
homogeneous polynomials of the ring M[uo,ui,U2]. Notice that 

■'V Vuo MqJ \Uo Uo/ Vuo Uo// 

and Go = Uq ^'"^'Gq, where Gq := ((uiU2— UQ)2+U2)'^^Fo(i^O) Hi, . . . , Hn). Counting degrees 
one realizes that uq does not divide Gq. 

In what follows all the zero sets arc considered in MP". To prove that g is qiiasi- 
polynomial it only remains to check that {Gq = 0, Gi = 0, ...,G^ = 0} = 0. Since 
{F^ = 0, Fi = 0, . . . , Fn = 0} = 0, we deduce that 

{G'o = 0,Gi=0,...,Gm = 0} 

= {Ho = 0,...,Hn = 0}vj {((uiU2 - nlf + uf)^^ = 0, Gi = 0, . . . , G„ = 0}. 
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Notice that 



ifo(uo,Ul,U2) = Uq""\{uiU2 -Uq)^ + U2) 



i/i(0,ui,U2) 



Hi{0,0,VL2] 



Pi(0)uf+"^«' ifA:,o<A:i, 
pi(0) ((ufui + u4)^u^l + uf +1'^°') if ho = h, 



if i ^ 2 and kio < ki, 
Pi(0)uf if i ^ 2 and ho = h, 



Thus, Hq = provides uq = 0, i7i(0,ui,U2) = provides ui = (we have used here that 
kig is even) and i?ip(0, 0,U2) = provides U2 = 0; hence, {Hq = 0, . . . ,Hn = 0} = 0. On 
the other hand, ((uiU2 — Uq)^ + U2)'^^ = provides uq = 0,U2 = 0. Therefore, since Gi = 0, 
we deduce that 

= Gi (0, ui , 0) = Fi (/7o (0, ui , 0) , /^i (0, ui , 0) , . . . , (0, ui , 0) ) = Fi (0, u^* , 0, . . . , 0) ; 

for the last equahty recall that degx(((xy — 1)^ + y^YPi) < 4£ + \kig \ for alH = 1, . . . ,n. 
Since deg(Fi) = deg(/i) = deg,^(/i) = deg,^(Fi), we have a = Fi(0, 1, 0, . . . , 0) ^ 0. 
Thus, 

= Fi(0,u^,0,...,0) =auf ; 

implies ui = 0; hence, {((uiU2 — Uq)^ + u|)*^^ = 0,Gi = 0, ...,Gm = 0} = and so 
{G'o = 0,Gi = 0, . . . , Gm = 0} = 0. Therefore, 5 : ^ is a quasi-polynomial map. 



Now, bv 13.31 for n = 2 (already proved) applied to g, we deduce that Tq^oo = (^(I^ )) 



00 



is connected and since po,q^ Tq^co, we are done. □ 

It is clear that the set of infinite points of a semialgebraic set 5 M™" is a semialgebraic 
subset of the hyperplane of infinity Hoo(M) of MP™. In particular, this happens if is a 
polynomial or regular image of some M". Arrived at this point it seems reasonable to ask 
the following. 

Question 3.4. Let So be a connected closed semialgebraic subset of the hyperplane of 
infinity Hoo(M) of MP'". Is there a polynomial (or a quasi-polynomial) map / : M" ^ 
such that /(M")oo = So?. 

For m = 2 the answer is positive (see lS.Sp but we do not know what happens for m ^ 3. 

Examples 3.5. For each connected closed semialgebraic subset T cz icoi^) there exists a 
polynomial map / : ^ g^^j^ ^.j^^t dim(/(M2)) = 2 and {f{R^))ao = T. Indeed, by 
\U2\ 1.2], our assertion is true if T is not a singleton. In case T is a singleton, we may 
assume that T = { (0 : 1 : 0) } ; a straightforward computation shows that the image of the 
polynomial map / : ^ M^ (x,y) ^ {x,y^ + x^) satisfies that /(M^))oo = {(0:1: 0)}. 

Remark 3.6. One can think about studying the quasi-polynomial images of M" or even 
more its relation with the polynomial images of M?. However, the behavior of such maps 
under composition is far from the desired one and this fact makes quite difficult the 
development of a similar theory. In fact, we have introduced such maps more to understand 
the obstruction for the image of a regular map to have its set of infinite points connected 
than for further purposes. 

(i) While the composition of polynomial and regular maps is respectively again a 
polynomial or regular map, in general, the composition of quasi-polynomial maps is 
not again a quasi-polynomial map. Consider for instance the quasi-polynomial maps 
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5 : M2 ^ M2, {x,y) ^ and / : ^ {x,y) ^ (^^^,^^^) whose 

composition is not a quasi-polynomial map. 

(ii) Moreover, the image of the quasi-polynomial map (7 : M M^, t ^ (i+p'j 1 + is 
the semialgebraic set S = {xy = l,y ^ 1} which is not a polynomial image, because just 
the product of constant polynomials is a constant polynomial. 

4. Set of infinite points of a regular image of 

We have proved in Section [3] that the set of infinite points of the image of a polynomial 
map / : M" M"^ is connected. In fact, the same property is still true for a large family 
of regular maps called quasi-polynomial maps. However, we will see in this section that 
the result is no further true in general for regular maps, even if n = 1. We present some 
examples to illustrate several situations. In particular, we show that the conditions in the 
statement of Theorem 13.31 are sharp. 

Examples 4.1. (i) The image of the regular map 

(xy — 1)^ + 1 + {xy — 1)^ + 



, 1 + {xy — 1)2 + x"^ ' {xy — 1)2 + 

is the 1-dimensional semialgebraic set S := {{a,b) e : a > 0,ab = 1}. Observe that 
5'oo = {(0 : 1 : 0), (0 : : 1)}, which is disconnected. 

(ii) The image of the regular map 



f:R^^R\ {x,y)^(^- 



is the semialgebraic set S := {(a, 6) e : a ^ 0, 6 ^ 0, a5 < 1}. Observe that Srx, = 
{(0:1: 0), (0:0: 1)}, which is disconnected. Note that if we write / = (^, where 
/o,/i,/2 e M[xi,X2] are nonzero polynomials, then deg(/o) = max{deg(/i), deg(/2)}. 
(iii) The image of the regular map 

f.R ->M , (^^^4)2 ' (1 + ^4)3 

is a semialgebraic set S such that 5co = {(0 : 1 : 0), (0 : : 1)}, which is disconnected. If 
we write / = (^, ■^), where /o,/i,/2 ^ I^[xi,X2] are nonzero polynomials, we have that 
deg(/o) < max{deg(/i), deg(/2)}. However, the set Ik = {(0 : 1 : 0), (0 : : 1)} of points 
of indeterminacy of the rational map F = {Fq : Fi : F2) : MP^ MP^ is contained in the 
set {F^ = 0}, where F^ = (x^ + xff{xf, + x^f and Fq = xgF^. 

Proof. Observe first that /(M^) c {{a, 6) e : a^ft ^ 1, a ^ 0, 6 ^ 0}. This is so because 

■ (l+x4)j/6 x2. (l + /)a;4 x ^ (^J^Y(^^\ ^ 

{1 + y^y J V(l + x4)3j \l + y^) Vl + xV^ ■ 

Thus, 5co c {(0 : 1 : 0), (0 : : 1)}. To prove the converse inclusion, we may find two 
rational parametrizations : (0,1] —>■ such that lim4^o+ ll<^i(^)P = +°'^ ^^'^ which 
satisfy 

lim —{ai{t)) = +00, lim —{ai{t)) = 0, lim —{a2{t)) = 0, lim —{a2{t)) = +00. 
*^o+ 50 t^o+ 50 t^o+ go t^o+ go 

Taking ai(t) := (i, 1) and a2{t) := (1, ^), we are done. □ 
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At this point the following question arises naturally. 

Question 4.2. Given a closed semialgebraic subset R c £00 (1^) ^ MP^, Is there a regular 
map / : M2 ^ M2 such that {f(M?))co = R? 

In case R is either connected or a finite set the answer is positive. The connected case 
follows from the polynomial case (see l3.5p and the finite case is proved next. 

Proposition 4.3. Let Hi := CiX — dij he linear (homogeneous non trivial) equations, for 
i = 1, . . . ,r, such that the lines £{ := {Hi = 0} are pairwise different and Cidi ^ 0; denote 
Pi := {0 : df : cf) . Then, the image of the regular map 

2 2 

is a semialgebraic set S such that Sec = {pi, 



Proof. We begin by proving the inclusion c {pi, . . . ,pr}. 

Indeed, a straightforward computation shows that the Jacobian of h is not identically 
zero and so 5* = h(M?) has dimension 2. In fact, we know that S is pure dimensional, 
because it is a regular image. Thus, if 

S' := S\{h{{x = 0}) u h{{y = 0}) u /i({Jac(/i) = 0})), 

we have Cl]Kp2(S") = Cl]i5p2(S'). Fix a point p e Sas] bv l2.5[ we may assume, after reordering 
the variables and changing x by — x if necessary, that there exist a polynomial p e R[t] 
with p(0) and integers k,£ with —k = mm{—k,£} < such that if a := (t^^,t^p) we 
have limj^Q+(/i o a) = p and {h o a)((0,e)) c S' for e > small enough. Observe that 
after our change of variables the structure of h does not change; hence, for simplicity we 
keep the same notations. Of course, since p e £00 (M) at least one of the following limits is 
infinity: 

^2fc(r-l) 

lim {hi o a){t) = lim 



i-0+' ' i^0+t2fer+n[=i-ffi(l,i*^+^p(t))2' 

lim (h2 oci)(t) = lim -— — , , „ , ..n - 

Notice that: 

(1) The first limit is infinity if and only if 't'^^^p('t))^ = ■t''^qi('t) for some 
qi e M[t] and an integer ui ^ 2k{r — 1) + 1. 

(2) The second limit is infinity if and only if £ < and ]^[^^ t'^+^p(t))^ = 
t''2q2(t) for some q2 e M[t] and an integer V2 ^ 2A;r + 2^+1. 

In both cases, using that /c + ^ ^ 0, we deduce that there is an index i = 1, . . . ,r such 
that lim(_^o+ Hi{l,t^+^p{t)) = 0; hence, since by hypothesis Ci,di ^ 0, we conclude that 
I = —k < and p(0) = ^. Now, taking into account if either (1) or (2) holds, we denote 
/U := Vi — 2k(r — 1) — 1 ^ and q := qj. Thus, we have 



^2kr ^ Yl Hi{l, t^+^p(t))2 = t2'^(^-l) + H^q 



i=l 
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Having all above in mind, we deduce 

p = lim {t^'^^ + f]H,{lMt)f ■■ t''^'-''^ : t'"^'-+^'p{tf) 

= lim (t^^'^'-^'>+H^'q(t) : t^Hr-i) , ^2fc(r-i)p/^N2N ^ (t^'+\(t) : 1 : p(t)^) 

hence, 5oo {pi, ■ ■ ■ ,Pr}- Conversely, 

Kt' 7) = (I' I) " ■ ^ (° ^ ^ = 

hence, {pi, . . . 1= Srjo, as wanted. □ 

We present next a further example concerning Question 14.21 in which the set of infinite 
points of the involved regular image has exactly two 1-dimensional connected components. 

Example 4.4. There exists a regular map 

/ : M2 whose image S satisfies 

Sao = {{0 : u : 1) : ^ n ^ 1/2} u {(0 : 1 : : ^ u ^ 1/2}. 

Proof. We construct / in several steps: 

1^ 1) Let T := {{a, 6) e : < a ^ 1, 6 > 0} u {(a, 6) e : < 5 ^ 1, a > 0}. The 
image of the regular map 

9 9. N /x^ + 1 y^ + 1 



. 1 + x^y^ ' 1 + x^y^ / ' 

is a semialgebraic set Si satisfying T S*! T u [0, 2]^ {a > 0, 5 > 0}. In particular, 
5i,oo = {(0:l:0),(0:0:l)}. 

Indeed, first let us check that Si T u [0,2]^. Let (x,y) e and suppose that 
fsi^jU) = (o, ft) satisfies that 6 > 2; we claim that < a ^ 1. It is clear that a > and 
suppose also that a > 1. Then, > x^y^ and y^ > 1 + 2x^y^; hence, 

x^ < x^ + 2x'^y^ < x^y^ < x^, 

a contradiction. By symmetry, if a > 2, we have < 6 ^ 1 and so T u [0, 2]^. Next, 
let us check that T cz Si. Again by symmetry, it is enough to prove that Ti := {{a,b) e 
: < a ^ 1, 6 > 0} c 5*1. Let (a, b) e Ti and consider the system of equations 

I x2 + 1 = a(l + x2y2), I 6(x2 + 1) - a(y2 + 1) = 0, 

I y2 ^ 1 = 6(1 + x2y2). I ay4 ^ _ ;L _ 5)^2 + ^ _ ^ = g. 

A simple discussion shows that both systems of equations above are equivalent. The 
discriminant A of the biquadratic equation ay^ + (a — 1 — 6)y^ + 6 — 1 = is 

{a-l-bf - 4a(fe - 1) = (6 - 3a + 1)^ + 8a(l ~ a) ^ 0, 

because < a ^ 1. Since a — 1 — 6 < 0, the real number 



6 + (1 - a) + v'(&-3a + l)2 ^ ^^{1 - a) 
2-a 
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is positive and has a square root yo, which is a solution of the biquadratic equation 
ay^ + (a - 1 — 6)y^ + 6 — 1 = 0. Next, we need that the equation 6(x^ + 1) — o-iUo + 1) = 
has a real solution xq, which happens if 



< 2{a{y^ + l)-b) = 2azo + 2a - 2b = -b + I + a + ^/ {b - 3a + ly + 8a{l ~ a) 

or equivalently if 

< (6 - 3a + 1)2 + 8a(l - a) - {b ~ 1 - af = 46(1 - a), 

but this follows from the fact that 6 > 0, a < 1; hence (a, 6) e 5i, and we are done. 

1^ 2) Let Bi := {{a, 6) e : < 2a ^ 6} and B2 := {(a, 6) e : < 26 ^ a}. Write 
also Ai := {{x,y) e : < x ^ 1, 4 ^ y} and A2 := {{x,y) e : < y ^ 1, 4 ^ x}. 
The image of the semialgebraic set A := Ai u A2 under the regular map 

' ^ '^^ V 1 + x(x - l)2?/(y - 1)2 ' 1 + x(x - l)2y(2/ - 1)2 
is a semialgebraic set S2 contained in B := Bi kj B2 which satisfy 

^2,00 = ^1,00 u ^2,00 = {(0 : n : 1) : ^ n ^ 1/2} u {(0 : 1 : v) : ^ v ^ 1/2}. 
Write first /i = g), where 

2../.. 1^2 



/io(x,y) 
/ii(x,y) 
^2(x,y) 



l + x(x-l)^y(y-l) 
x((y-l)y + 2(x-l)2x), 
y((x-l)V + 2(y-l)2y). 



Since /ii(y,x) = /i2(x,y) and ho{y,x) = /io(x,y), we have = j^^j^, and so it is 

enough to prove that /i(^i) c i?i and (/i(Ai))oo = -Bi,co- 
Indeed, let (x,y) e ^1 and observe that hi{x,y) > and 

/i2(x,y) - 2h{x,y) = y{{x - ifx^ + 2{y - ify) - 2{x{{y - ify" + 2(x - l)^^)) 

= 2(1 - x\y - ify" + (y - 4)(x - 1) V ^ 0, 

because < x ^ 1 and y ^ 4; hence, h{x,y) e Bi. Therefore, (/i(^i))oo -Bi^oo and it 
only remains to check the converse inclusion -Bi^oo <^ (^(^i))oo- 

Indeed, for each < A ^ 1 consider the half-line x = A, y = t^4 and the curve 
Cx cz h{Ai) parametrized by 

• A(t- l)2t2 + 2Ama) 2{t - 1)2^2 + x^^t \ 



a,it) = {a,,{t),a,2it)):=9iX,t)-^ 1 + M,t(t - 1)2 ' 1 + /.,t(t - 1)2 J 
where fix '■= A(A — 1)2. Since 

, , T- / \ 11- ctxiyi) A 
lim axi(t) = +C0, lim a\2[t) = +00 and lim -— = — , 

i^+oo t^+co t^+co ax2[t) 2 

we deduce that Cx,od = {(0 : § ■ 1)}; hence. 



51,00 = U ^ ( U = (^(^1))"' 

0<As;l 0<A5S1 

and we are done. 



[^3) Now, the image of the regular map f := h o g : M? ~* is a semialgebraic set S 
such that 5oo = {(0 : u : 1) : ^ ^ 1/2} u {(0 : 1 : u) : ^ ^; ^ 1/2}, as wanted. □ 
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More generally, it seems reasonable to ask also the following: 

Question 4.5. Let 5*0 be a closed semialgebraic subset of the hyperplane of infinity Hoo(IK) 
of MP™. Is there a regular map f -.W such that (/(M"))oo = Sq?. 
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